I. INTRODUCTION
Surface acoustic wave ͑SAW͒ transduction by the use of interdigital transducers 1 ͑IDTs͒ is a widespread technique for the electrical transduction in piezoelectric materials. SAWs are elastic waves that propagate along a material surface with most of their energy density concentrated at the surface. 2 In most practical cases, for example, for the design of classical resonators, filters, and sensors, [3] [4] [5] only the electrical properties of the IDT are of interest. In these applications SAWs are generated by IDTs with limited electrode height such that the SAW mode properties do not differ appreciably from those of a free or a fully metallized surface, except for the periodic aspects of wave propagation. For instance, propagation remains only slightly dispersive and the polarization of surface waves is relatively unaltered. In Ref. 6 , however, it was shown theoretically by a finite element method ͑FEM͒/ boundary element method algorithm that the SAW properties are significantly changed when high aspect ratio ͑HAR͒ electrodes are used instead. Multimode SAW propagation was found and up to a tenfold slowing of the SAW phase velocity was obtained. These results were confirmed by experiments. 7 Recently, related work has been performed using the finite element and finite difference time domain method as well as experiments to show how band gaps and resonances change for increasing stub height in a plate with a periodic stubbed surface. 8, 9 The FEM/boundary element method is widely used for obtaining the harmonic admittance 10 as well as the harmonic displacements under the electrodes of a periodic infinite array of electrodes on a piezoelectic substrate. 6, 11, 12 An alternative method is to use directly the FEM with appropriate periodic boundary conditions. 13 The difficulty in this case, however, is to account for the semi-infinite nature of the substrate, which can result in oversized meshes and then impractical calculations. Here we introduce a full finite element model of a piezoelectric, anisotropic material to simulate the HAR electrodes utilizing periodic boundary conditions. A perfectly matched layer ͑PML͒ is employed at the bottom to absorb the acoustic and electric disturbances propagating away from the surface. [14] [15] [16] [17] With this model it is possible to obtain the mode shape of all the resonances for the periodic structure such that it can be explained how the vibration of the surface interacts with the electrode for the different modes. We then use the model to calculate the mechanical energy stored in the electrode compared to the mechanical energy in the total structure in order to explain why the phase velocity is slowed down for increasing electrode aspect ratio. Finally, the dispersion and group velocity of the different modes are reported.
II. THE ACOUSTIC MODEL
A two dimensional ͑2D͒ periodic model of an electrode array on the surface of a piezoelectric material is used. The unit cell and the computational domain are illustrated in Fig.  1 potential to the HAR electrodes. This is modeled by applying a positive potential to the electrode in the unit cell and then using periodic boundaries with opposite sign. As the metal is supposed to be perfectly conducting, the electrical potential needs only to be applied at the interface between Ni and LiNbO 3 . To prevent reflections of the SAW from the bottom, a PML ͑Ref. 14͒ is applied as illustrated on Fig. 1 . In Ref. 15 , PMLs are introduced for time-harmonic elastodynamic problems and are extended to piezoelectric materials in Refs. 16 and 17. The PMLs have the property that the mechanical and electrical disturbances are gradually absorbed in the layers before they reach the outer boundaries. In this way there are no reflections that can disturb the propagation of the SAW.
The applied electric potential will introduce mechanical deformations in the solid by the inverse piezoelectric effect and the behavior of the piezoelectric material is described by the following model as found in Ref. 19 . A time-harmonic electric potential
with the angular frequency , is applied to the electrode. The mechanical strain S ij and the electric field E j are given by the expressions
where u i are the displacements and x i are the coordinates. Note that the Einstein notation is not applied in the expressions in Eq. ͑2͒. The parameter ␥ j is an artificial damping at position x j in the PML. As the PML is added at the bottom of the structure only ␥ 2 is different from 1 and is given by the expression
where x l is the coordinate at the interface between the regular domain and the PML and 2 is a suitable constant. There is no damping outside the PMLs and here ␥ 2 = 1. A suitable thickness of the PML as well as the value of 2 must be found by calculations such that both the mechanical and electrical disturbances are absorbed before reaching the outer boundaries. However, the absorption must also be sufficiently slow as reflections will occur at the interface between the regular domain and the PML if their material properties are not comparable. The mechanical stresses T jk and the electric displacement D i both depend on the strain and the electric field according to the constitutive relations
where c jklm E are the elastic stiffness constants, ẽ ijk are the piezoelectric stress constants, and ij S are the permittivity constants. The materials are, in general, anisotropic, and as it is only possible to generate the SAW by the inverse piezoelectric effect in certain directions the material tensors have to be rotated. This is indicated by the tilde above the material tensors. The rotation is done according to Euler's transformation theory as explained in Ref. 20 . Here the relation between the original directional vector r j and the rotated vector r i is given by
where a ij is the transformation matrix given by the Euler angles 1 , 2 , and 3 , where the crystal axes are rotated clockwise about the x 3 -axis, then the x 2 -axis, and finally the x 3 -axis again. The material property matrices can then be transformed by the transformation matrix a ij and the Bond stress transformation matrix M ijmn ͑the derivation procedure of M ijmn is defined in Ref. 20͒ as follows:
The governing equations give the stresses by Newton's second law and the electric displacement from Gauss law,
where is the density of the material. Note again that the Einstein notation is not applied in Eq. ͑8͒. Both mechanical and electrical boundary conditions must be specified to solve the problem. Considering the mechanical conditions, the upper surface is stress-free and the bottom is clamped, streess free surface:
where m k is the normal unit vector pointing out of the surface. At the upper surface, there are no charges and therefore electric insulation occurs, meaning that the normal component of the electric displacement is zero. At the bottom of the domain it is assumed that the electric potential is zero, whereas at the interface between the electrodes and the substrate the potential is V p . The electrical boundary conditions are summarized as follows:
Periodic boundary conditions must be induced for u i and u i,j as well as for V and V ,j at the boundaries ⌫ l and ⌫ r , see Fig.  1 . When u l represents these quantities on the left boundary ⌫ l and u r the quantities on the right boundary ⌫ r , the induced periodic boundary conditions take the form
where k is the phase propagation constant of the SAW. 21 When looking at the case with an alternating electric potential, k = / 2p is used. The piezoelectric problem is solved by a plane formulation obtained by setting S i3 and E 3 as well as T i3 and D 3 equal to zero. The governing equations ͑8͒ are solved simultaneously to find the dependent variables u 1 , u 2 , u 3 , and V. The model with the PML described above is directly implemented in the partial differential equation application mode of COMSOL MULTIPHYSICS, which is a commercial finite element program. 22 Second order Lagrange elements are used for all dependent variables.
III. RESULTS
In this section, results are presented for the periodic model of the HAR electrodes.
A. Polarization of HAR IDT modes
One HAR electrode with periodic boundary conditions is considered. The computational domain is illustrated on Fig. 1 where p = 1.4 m is used for definiteness. A harmonic electric potential of V p = 1 V is applied to excite the device and the resonance frequencies are found by integrating the deflections along the substrate surface for a frequency range. The first six modes are examined. Three of the modes are found to be mainly polarized in the shear-horizontal ͑SH͒ direction and the other three modes to be mainly vertically polarized ͑VP͒. In Fig. 2 , the half phase velocity fp ͑where f = / 2 is the frequency͒ of these six modes is plotted versus the aspect ratio of the electrode h / 2p and the polarization types are indicated. It is seen that the phase velocity is decreasing with increasing aspect ratio for all the modes. The decrease gets bigger for decreasing mode number, and for mode 1 fp is decreased up to 15 times. These modes and their polarization as well as the phase velocity dependence of increasing aspect ratio are in fine agreement with the results presented in Ref. 7 , where the modes were found by a combined FEM/boundary element method algorithm. The SH and VP bulk wave limits are marked in Fig. 2 as well and the modes do not appear above these limits as they are dissipated to the bulk.
One advantage of using a pure finite element model is that it is easy to plot the displacement fields in the entire structure. Examples are given in Fig. 3 where the deflections u 1 , u 2 , and u 3 in the x 1 -, x 2 -, and x 3 -directions are plotted for the six modes for h / 2p = 1. These plots clearly show that all modes of the structure are, in fact, the combination of a vibration in the electrode and of a surface wave in the substrate. The first five modes are fully confined to the surface, whereas mode 6 is leaking into the substrate. The different scaling on the color bars on Fig. 2 indicates the dominant polarization directions for the six modes. In order to clarify these polarizations, a plot for each mode is made in Fig. 4 where the deformations u 1 and u 2 in the x 1 -and x 2 -directions are plotted with a scaling factor to emphasize in-plane deformations, and the deflection u 3 in the x 3 -direction is indicated by the color bar. The plots are focused on the electrode and the regular part of the substrate. The observed modal shapes explain why more and more modes appear in the structure as the aspect ratio increases. When SH-type modes are considered, which are mainly polarized in the x 3 -direction, it is observed that the mode shapes in the electrode in this direction are of increasing order for increasing mode number, such that SH1 has a mode shape of order 1, SH2 has one of order 2, and SH3 has one of order 3. The same is found for the modes of VP type where VP1 has a mode of order 1, VP2 has a mode of order 2, and VP3 has a mode of order 3 in both the x 1 -and x 2 -directions. Thus, for larger aspect ratios, more modes can exist as the electrode is allowed to vibrate with modes of higher order. 
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B. Mechanical energy storage
To explain the slowing down of the wave velocity, the mechanical energy distribution in the structure is calculated. The mechanical energy is the sum of the stored strain and kinetic energy and the mechanical flux flowing into the PML at the bottom. Expressions for these quantities are given, for instance, in Ref. 20 . The fraction of the mechanical energy in the electrode compared to the total mechanical energy in the structure is plotted in Fig. 5 . Here it is observed that the energy is more confined to the electrode for increasing aspect ratio. The electrode thus acts as a mechanical resonator, which slows down the SAW velocity because of mechanical energy storage. For modes of the same type, the fraction of mechanical energy in the electrode tends to the same value for increasing aspect ratio. The SH types tend to a value around 0.97, which is larger than the limit for the VP types, about 0.93. The fact that the limits do not reach 1 explains that the wave is still ͑slightly͒ propagating or rather coupled from one electrode to the other by surface waves. If the energy was fully trapped then the surface waves would not propagate at all. For increasing aspect ratios the modes are more and more clean cantilever vibrations in the electrode and the only energy left in the substrate is what connects the cantilever modes to the substrate. Modes of the same polarization type deflect in the same direction in the substrate, so the stiffness in the substrate for these modes is the same. This explains why modes of the same type tend to the same energy ratio. The observation that the limit for SH is bigger than the limit for VP is not obvious as SH waves as, e.g., Love waves or leaky-SAW penetrates deeper in the substrate than Rayleigh waves. However, it indicates that the effective mechanical stiffness at the surface is bigger for the VP modes than for the SH modes. This is also confirmed when comparing the rotated stiffness constants in these directions.
C. Dispersion and group velocity of HAR IDT modes
A dispersion diagram can be obtained by plotting the frequency as a function of the propagation constant or wave vector. Dispersion tells if the phase velocity is dependent on frequency and is important to know in order to describe propagation in the periodic structure. The normal Rayleigh wave excited by conventional thin electrodes is almost dispersionless and will give a straight line in the diagram just below the straight line corresponding to the slowest shear bulk wave. 10 The dispersion properties for HAR electrodes are different as illustrated at Fig. 6 where half the phase velocity fp is plotted as function of kp ͓where the propagation constant k comes from expression ͑14͔͒ for h / 2p =1. When the wave vector approaches the X point of the Bril- 5 . ͑Color online͒ Fraction of mechanical energy in the electrode with respect to the total energy in the structure, as a function of the aspect ratio h / 2p for the first six modes. The propagation constant is kp = / 2. The limit for the SH-type modes is 97% and the limit for the VP-type modes is 93%.
louin zone, all bands become flatter and flatter, which means that the group velocity tends to zero. Then the elastic energy is almost not propagating and is mostly stored in the HAR electrodes. In Fig. 6 the straight lines for the Rayleigh wave as well as the lines for the SH and VP bulk waves are indicated. It is seen that the bands for the SH modes and the VP modes stop at their bulk limits as the waves are dissipated into the bulk material. In the dispersion region following the lowest bulk shear velocity ͑or Rayleigh SAW͒ there is an interaction between the Rayleigh SAW and the discrete mechanical modes of the HAR electrodes. When moving away from this line, the interaction between the resonators and SAW reduces ͑flatband͒ and the substrate mostly plays the role of a connecting medium for the HAR resonators. The dispersion diagram also shows that there exist 11 modes outside the Brillouin zone limit X. The deflections of these additional modes get insignificant when approaching the X point limit and here only the six resonant modes are found in practice to respect the electrical condition and the periodic boundary conditions at the same time. Also in experiments with such structures, only the six resonant modes will be found for alternating electrical potential excitation. 7 Other values of kp could be selected by using more than two fingers per wavelength in the IDT. For instance, kp =2 / 3 and kp = / 2 would be obtained with three or four fingers per wavelength, respectively.
The group velocity is calculated from the band diagram by the expression
The results are shown on Fig. 7 where v g is plotted as function of kp. The group velocity tends to zero for all 11 modes when the wave vector approaches the point X. This means that the velocity of information carried by groups of waves of similar frequencies in the HAR electrodes tends to zero. What is remarkable here is that close to zero group velocity can also be obtained for wave vectors away from the Brillouin zone boundary. This property is more pronounced for modes with smaller orders and is equally true for SH and VP modes.
IV. CONCLUSION AND FURTHER WORK
This paper elaborates on how to model SAWs generated by high aspect ratio electrodes. It is explained how SAWs propagating in HAR electrode arrays can be computed by employing a 2D model of a piezoelectric, anisotropic material where reflections at the bottom are avoided by a PML. Results are presented for a unit cell with one HAR electrode with periodic boundary conditions. The first six resonant modes are studied and the phase velocity is found to decrease up to 15 times with increasing height. By plotting deflections in all three directions for each mode, it is shown that the movement consists of a combined SAW in the substrate and vibration in the electrode. Three of the modes are mainly polarized in the SH direction and the three other modes are mainly VP. The deflection plots show that the reason for more and more modes to exist is that for increasing mode number the mode shapes have increasing order. The ratio of mechanical energy confined to the electrodes compared to the total mechanical energy is calculated and increases for increasing electrode height. This indicates that the electrode acts as a mechanical resonator, slowing down the SAW velocity because of mechanical energy storage. The modes of SH type go to the same limit around 0.97 and the modes of VP type go to a limit around 0.93. The band diagram for the structure is calculated and shows strong dispersion for the 11 existing modes where the bands get flatter and flatter when reaching the X point of the first Brillouin zone. Finally, the group velocity is calculated for the 11 modes and shown to tend to zero when reaching the X point for all the modes.
Further work includes the consideration of finite HAR SAW resonators, where mechanical energy storage would be used to avoid leakage outside the transducer. We are also considering using HAR IDTs for efficient acousto-optical interactions in planar optical waveguides. 
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